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Abstract. The coordinate invariant theory of generalised functions of Colombeau and Meril is reviewed and 
extended to enable the construction of multi-index generalised tensor functions whose transformation laws 
coincide with their counterparts in classical distribution theory. 



1. Introduction 



Colombeau's theory of new generalised functions (Colombeau, 1984) has increasingly had an important 
role to play in General Relativity, enabling a distributional interpretation to be given to products of 
distributions which would otherwise be undefined in the framework of Classical distribution theory. 
Recent applications of Colombeau's theory to Relativity have included the calculation of distributional 
curvatures which correspond to metrics of low differentiability, such as those which occur in space-times 
■ with thin cosmic strings (Clarke et al, 1996; Wilson 1997) and Kerr singularities (Balasin, 1997), and the 

electromagnetic field tensor of ultra-relativistic Riessner-Nordstr0m solution (Steinbauer, 1997). 

The theory of General Relativity is built upon the Principle of General Covariance which means that 
the measurement of all physical quantities do not depend on what local coordinate system the observer 
is using; therefore they must transform locally as tensors under C°° diffeomorphisms. Unfortunately, 
Colombeau's theory is not naturally suited for representing such a covariant physical theory because it is 
0^ ■ heavily built upon the linear structure. Colombeau's algebra G(Q) is a quotient algebra on the algebra 

""q I £a/(J1) of smooth functionals Aq x fl — > R, where one defines the kernel spaces Ak as being the subspaces 

U" 1 of functions $ 6 D such that 

W). 



J = i (i) 

/V$(£)d£ = G ceN", l<|a|<Jfe, (2) 

These spaces are not invariant under a smooth diffcomorphism x' = n{x), unless /i is linear. Since 
these spaces are used in both the definitions of the spaces £jvr(0) (moderate functions) and M(VL) (null 
functions) it makes the definition of a mapping //* : £(Q') — > £(fl) which preserves both £m(P) and 
Af(£i) very problematic. 

As a consequence of this, one must apply Colombeau's theory with great caution in that coordinate 
transformations should be carried out at the distributional level and Colombeau's algebra is to be used as 
a tool for assigning a distributional interpretation to nonlinear operations involving distributions. It was 
shown by Vickers and Wilson (1998) that the calculation of Clarke et al. (1996), which shows that the 
distributional Ricci scalar density of a conical singularity with a deficit angle of 2ir(l — A) is 47r(l — A)S^ , 
is invariant under C°° transformations in the sense that the following diagram commutes 

g' ab J ah > i?W Ml - A)5^ 



Jab » 9ab 



RVg — Mi - A ) 5{2) 



where the maps fj,* denote the relevant tensor distribution transformations. It should be noted that 
Colombeau's theory is applied to both coordinate systems and that no attempt is made to compare 
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generalised functions in one coordinate system with their counterparts until the distributional curvature 
has been recovered via weak equivalence. 

The problem resulting from the inability of the spaces Ak to transform invariantly has been overcome 
by the use of the 'simplified' algebra Q s (Cl) which is formed from using a base algebra £ s (fi) consisting 
of smooth functionals on (0,1] x SI rather than on Ak x ^ (Biagioni, 1990; Colombeau 1992), so one 
does not need to worry about how Ak(&) transforms under yU, and hence is able to define a natural 
map jl* : £ S (Q') — > £ s (Cl) which preserves its moderate subalgebra £m, s (^') and its null ideal Af s ($l'). 
However there is still a problem which undermines the suitability of using Q (fi) as a coordinate invariant 
representation of distribution theory, which itself is a coordinate invariant construction, in that the 
embedding i : V '(O) — > £m (fi) provided by the smoothing convolution integral does not commute with 
the diffeomorphism fi. 

A solution to this problem was proposed by Colombeau and Meril (1994), in which they constructed 
a coordinate invariant Q(fl) together with a scalar transformation that commutes with the embedding. 
It essentially involves weakening the moment conditions used in defining the smoothing kernel space Ak 
which is then defined in a coordinate invariant manner. 

In this paper we shall begin by reviewing the algebra of Colombeau and Meril and extend the definitions 
so that multi-index tensor transformations which commute with the embedding may also be defined. 

2. SCALARS 

Let fi and tt' be open subsets of M. n that are diffeomorphic to each other by /i : O — > O'. In general 
the map /i will induce a map /i* : C(Q') — > C(Q), between the spaces of continuous functions on fl and 
omega, given by yU* (/') = /' o yii, enabling /' to transform as a scalar between the two coordinate systems. 

Functions from C(Q) may be embedded into Colombeau's generalised function algebra Q(Cl) by the 
smoothing convolution 

t : C(fi) £m (fi) 
<-(/) = / 

where 

/>,*) = y"/(* + W£K 

We would like to be able to construct a map //* : £m(^') — * £m{&), an analogue of n* , such that 

C(fi') — ^— ► f M (0') 

C(fi) — ^— » 

commutes, and furthermore we would like /i* to map Af(Q') to A/"(0) so that we can construct Q{Q!) and 
G(Q) consistently. 

Given /' e £m{&'), the obvious way to construct jl* f is by defining 

A*/(*,aj) = /(A.*,/i(a:)) 

where /t* is some mapping on the kernel space *4fc . If we take /t* (<&) 
satisfy the normalisation condition 

J A*$(A) dA = 1 

However if we take ^ 

A.(*) = ■|T7 $0 Ai _1 
I j mI 

then the normalisation is preserved. With the choice above, 

fr*f'(®,x) = J f'(j*{x) + A) j (At -i (A)) ^(M-^A)) dA 



= $ o 1 then /&*($) will no longer 
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On the other hand 

7^M*,aO = //'(M* + 0)*(£K 

so jl* f and /' o ^ are different. 

In order for jl* f and /' o /j, to represent the same generalised function, their difference must be null; 
however, the problem is that there is no obvious relation between ji^(Ak) and A p . This prevents us from 
having a coordinate invariant definition in the framework of Colombeau's original theory. 

This problem was resolved by Colombeau and Meril (1994) in which they gave a new definition of the 

space of smoothing kernels, Ak together with a map /t» in such a way that jl* f = f o fj, and the notion 
of a null function was preserved. 

It is convenient to start by considering generalised functions on 1" together with diffeomorphisms 
/i : R" — > R™. We will later restrict the algebra to open sets f2 and consider diffeomorphisms between 
open sets. We begin by considering the embedding of fo/j, using the £-dependent kernel <& e (x) = p-$ (|) 



f {li{x + erj))${ri) dr] 



I 
I 



f{fjL{x) + eX) _ $ / /x~ 1 (/i(x) +eX) - x N . (/ ^ 



where A is defined by /x(x + en) = n(x) + eX. 
If we now define 



then 



f r ^(* e ,x) = J f'(n(x)+sX))(fL*$(X)) dX 

= 1 j f{n{x)+X)) (A.*0)) dX 

= /((A.*) e ,M«)) 

However /}*<!> now depends upon e (although unlike <& e it is bounded as e — > 0) so we replace ^4o by the 
space Ao of bounded paths in P(R n ). 

Definition 1. The space Ao is the set of all smooth maps 

(0,1] -^V(R n ) 
e i — ► $ (e) 

such that |$( £ ) : e e (0, 1]} is bounded in D(R") and 

(0^=1 Vee(0,l] 



However as well as an e-dcpcndcnce we see that /}* also introduces an x-dependence. We therefore 
modify the definition of Ao as follows: 

Definition 2. The space Ao(M. n ) is defined to be the set of all $i e) e X>(R") where $i e) = /i*$( £ ) for 
some $( £ ) € A(K n ) and some /i e Diff(R n ,R n ) 

Note that elements of Ao(R n ) satisfy the normalisation condition 

J ^(Odi^l V(e,x) e (0,1] xR" (3) 

and that this condition is preserved by /t*. Unfortunately the moment condition (2) is not preserved by 
/t* . We therefore weaken the moment condition as follows: 
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Definition 3. The space Ak(R n ) is the space of all elements of ^4o(^) which have the property 

yV*ife e) (Odf = 0(e k ) VaeN", 1 < \a\ < k (4) 



Li- 1 ([i(x)+e\)-x\ (5) 



The diffeomorphism fi : R™ — > R™ induces a map 
A* :i (R") ^A(R") 

Theorem 1. /t* exhibits the following properties 

1. §&A {m. n ) => A**e^4o(R n ) 

2. $d t (l") =► ^«$e4 /2] (l") 

5. ///x : R" — > R" and f : R™ — > R" are diffeomorphisms then {y o /x)* = o /!„. 
Proof. Refer to Colombeau and Meril (1994). 

Definition 4. The unbounded path ($ x ,e) corresponding to e ^4 (R") is defined by 

**, e (0 = ^ e) (£/e) 

The unbounded path may be regarded as a regularisation for the delta distribution since G 2?(R"); 



lim | $ a! , e (0*(Ode = *(0) 



hence its alternative name, the delta-net. Here the unbounded path ($ x ,e) ^ A)(R")i unlike its coun- 
terpart in Colombeau's original theory. A transformation law for these unbounded paths may be formed 
from (5); Writing = £*$a^ we have that 



^(*),e(A) = ^<t)( A ) 

= j_ 1 $ (e) f/T^W+A)-! 



£ «|J>-i(M^) + A))| * V e 
|^(^(^) + A))| ^^ 1( ^ ) + A) -^ 



which we shall also express as 



It should be noted that in this context /t* is a map acting on the space of unbounded paths and not on 
elements of Ao- 

Generalised functions are then defined to make use of the new Aus; 
Definition 5. The space £ (R ra ) is the set of all maps 

/ : Ao x R" -> R 

(^\x)^f(^\x) 

which are C°° as functions of x 

Since the smoothing kernels now depend upon x, it is no longer sufficient to require smoothness with 
respect to the second argument of /. Instead we also require some kind of smooth dependence upon the 
smoothing kernels. Colombeau and Meril require Silva-differentiability of / as a function of the mollificr 
(Colombeau, 1982). An alternative, and possibly simpler requirement, is to demand differentiability in 
the sense of calculus on 'convenient vector spaces' (Kriegl and Michor, 1997). We next define a subalgebra 
of moderate functions 
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Definition 6. £ M (K") is the space of / g £(R") such that MK CC R n , Va g N", 3N e N such that 
v4 £) G -4jv(M"), 



sup 

sex 



D a . f($ x , £ , a:) -0(e- JV ) (ase^O) 



Note that this differs from the definition in Colombeau and Meril because our *4 have an x-dependence. 
We now define an ideal of negligible (null) functions 

Definition 7. W(R") is the space of functions / g £ M (R") such that V-K" CC M™, Va G N™, 37V g N, 
3cr g S such that V$i £) g A k (R n ) {k^N), 



sup 



I> a /(* x , e ,a;) =0(e"W) (as e - 0) 



where 

5 = { cr : N -» M+ | cr(fc + 1) > er(fc), er(fc) -» oo } 
The space of generalised functions is then defined as the quotient 

£m(K") 



; JV(R n ) ' 
We may then define a map 

fi* : £(R n ) -» £(R") 
A*/ e (*£ s) ,a:) = / e (A.^ e) ,M*)) 
The fact that /t* maps the kernel spaces ^4fe(M n ) into *4[fc/2j (R™) will imply that 

jit*/ g W(R n ) <^=> feM(R n ) 
which will induce a well defined map \ft*] : Q(M. n ) — > £(R"). Furthermore if we define an embedding by 

i:C(K n )->£ M (K n ) 

*(/) = / (6) 

then if / g C(R") we have 

u*f> (£) x)= f f(u(x) + e\)*U ( ^HvW+^-A d\ 

= J f(p(x + eO)^HO^ 

giving us that 

A* ° <■(/) = to M*(/) 

as we required. 

We now define the algebra £/(fi) on open sets OCR". £m(0) and Af(fl) are defined in the obvious 
way by restricting x to be in O. Then 

g(fi) = £ M (n)/tf(n) 

If we now only have a diffeomorphism between open sets ji : O — > fi' rather than the whole of R™ we see 
that /t* : ylo(M") — > -4o(R") is not always well defined by (5). However it is always well defined for x g 
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and sufficiently small e. Since this is all that is needed for the theory we may define /i*4>i for other 
values in some arbitrary manner without effecting the definition of fl*f(^\x). Thus a diffeomorphism 
/j, : O — > O' induces a well defined map ft* : Q(fl') — ► 

We now consider the embedding. Given / £ T>(Q) we extend / to some function g <G T>(M. n ) such that 
g\n = /• We then embed g into £m(R") using (6). Again one can show that for all x € fi and sufficiently 
small e the answer does not depend upon the extension. We therefore have a well defined embedding 
l : T>(Q) — > (?(f2). Furthermore we still have the result that 

£*O t (/)= t <>/,*(/) (7) 

as the previous result is valid for sufficiently small e. 

We are finally in a position to consider generalised functions on manifolds. Let M be a manifold with 
atlas A = {(V>cn V a ) : a £ A}. Given a function / e V(M) we define f a : ip a (V a ) — > R by / Q = f oip^ 1 . 
The set {/ Q } Qgj 4 then satisfies 

//^(VcnVf,) = /a|^(v Q n^) °i° 

= ty^X/al^w,) Va, /3 e A with F a n ^ 

Conversely any set of functions {f a € X>(^>a(V^))} QeJ 4 which satisfies (8) defines an element of V(M). In 
exactly the same way we make the following definition 

Definition 8. A generalised function / € Q{M) is a set of generalised functions {f a € G{ipa(V a ))} a eA 
which satisfies 

Mi, p (v a nv ) = {i>p 1 )*'<Paf a \i:p(v a nVp) Va, [3 e A with V a nV ^<D 

If we define / a = i a o f a where t a is the embedding L a : T>(tp a (V a )) — > £(^> Q (V^)), then one has an 
embedding 

i:V(M)^g(M) 

3. Smoothing of vector and covector fields 

We now have a coordinate invariant theory of generalised functions at the level of scalars. We would 
like to extend this theory to enable vectors, covectors and, ultimately, multi-index tensors to be defined 
as generalised functions whose transformation laws will coincide with those of distributions. 

We shall first consider the smoothing of covector field ui, which may be represented in both coordinate 
systems ie!! and x' £ 0' as 

uj = uj a (x)dx a = cj' a (x')dx' a , 
with the components u) a and w' a related by uj a = n*Lo' a where 

:c°(n')^c°(n), 

V*u' a (x) = n b a (x)uj' b (fi(x)). 

We could use a componentwise smoothing, 

i : C°(0) -» £°(fi) 

= Co ^ 

and relate the smoothings by fi* : £® (ft') — > 5° (f2) 



a;) = /i*(ar)^(/t»$,a;) 
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in which case we would have that 



and 



i?u/ a (*,x) = J ^ b a (x)Lo'Mx)+eX)^HX)dX 

If it is the case that uj' a is C°° , we can expand /i b and ui' a in powers of eX which will reveal that 

w„($, a:) - (l*u>' a (<S>, x) = 0(e k ) for e W(ft') 

so tD a ($,a;) and /i*^ may be regarded as representing the same element of Q(Cl). On the other hand 
if uj' a admitted only a finite level of differentiability, then uj a and ji*u)' a would not be equivalent as 
elements of Q(Sl) although they may well be equivalent at the level of association, given that the level of 
differentiability was high enough. 

A possible remedy for this problem is to introduce smoothing kernels with indices, thus we replace (9) 

by 



where 



and define 



where 



J ^ a b (0dZ = S b a + O(e k ) 

J f4 £) « 6 (0 dt = 0{e k ) a e N™, 1 < |a| < k 

Tl c g{x)^ b d (^ l (^(x) + eX)) (e) d ( fjrHpjx) + sX) - x 



(10) 



Proposition 2. The moment conditions (10) are preserved under /}* in that 



J ^ a »(X)dX = 6 b a + 0(e k ) 

J A«A*$i £) a b (A) dX = 0( £ Lfc/2J ) a e N™, 1 < |aj < L^/2J 



Proof. The first condition holds since 

| $(-) a b (A)dA = | ^(x)^(x + £ C)$i £) c d (C)^ 



|a|=fe+l 

= ^ + 0(e fc+1 ) 

A similar calculation (See Colombeau and Meril, 1994) will show that the second condition is preserved 
with k replaced by [k /2J . 
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dX 



Proposition 3. jl*u)' a = uj a 
Proof. 

x) = J v c b (x + etWcMx + eOH £) a b (0 ^ 

= J £{x)J c ( l x(x)+e\)jl^\ c (e,ii(x),\)d\ 

The need for smoothing kernels with indices is clear, because we are integrating the coefficients of the 
covector field at the point x + e£ to give a covector at the point x. The kernel <J> a b therefore has the effect 
of transporting a covector at the point x + e£ to the point x. Rather than considering general kernels 
with indices $> a b we shall consider those which have the form 

$i £ V(0 = r a W + e£)$i £) (£) 

where 

r : n x n -» r(fi) x T(n) 

is a smooth map with r a fc (a;, x) = 8 b a and € Ao(^ n )- The respective transformation laws (5) and (11) 
for <f>i^ and <& a b will imply that T a b (x,y) has to transform as 

A*r a fc ( M (*),My)) = ^(x) M b ( y )r c d (x, y ) 

so r a b may be regarded as components of a covector (with index a) located at x and a vector (with index 
b) located at y. 

A similar procedure could be applied to smooth a vector 

X = X a {x)J?-=X' b (x)^-r 
y ' dx a x ' dx' b 

with the components X a and X' a related by X a = [i*X' a where 

In this case we use a smoothing of the form 

X a (x)= J X b (x + eO^ { x E)a b (0^ 

By allowing $ a b to transform as 

fi *( e )o m + eA)) (e)c / ^ 1 (ii(x) + e\) - x \ 

|J M (/i ^^(x) +eA))| V e / 

we are able to define a map p,* by 

fi*u,' a (<f>,x)=r 1 Z(x)u ) ' b (fi*$, l i(x)) 

which will satisfy 

jl* X" 1 = X a 
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This time transports a vector at x + s£ to a vector at x, we may therefore consider kernels which 
admit the form 

where $i e) e -4o(R") and the map 

r : n x n -» t(0) x t*(0) 

(x,y) i ^ r a 6 (x,y) 

is smooth with r a f,(x, x) = 6 b and transforms as 

A*r%( M (x), M (y)) = ^(^(y)^, y) (12) 

We shall formalise our transport operators T a b and T a b by defining the following space of transport 
operators; 

Definition 9. The space T(il) is defined to be the set of maps 

r : n x n -> t(O) x t*(0) 

(a;,y)^r° 6 (a:,y) 

which are smooth and are such that r a fc(x,a;) = S b . 

In this way we may simultaneously write down smoothings of vectors and covectors as functions 
Ao(R) x T(Q) x tt -> M 

I» = / X b (x + eOr%(x, x + e£)*(0 ^ 

/■ ( 14 ) 
w a ($,r,a;) = / W(,(a; + eO 



where 

r a c ry = 5%. (15) 

An important consequence of this arrangement is that T will preserve contractions of covectors with 
vectors; suppose that 

X a (x)=T\(x,y)X ,b ( y ) 
uj a (x) = T a b (x,y)uj' b (y) 

then 

uj a (x)X a (x) = T a b (x,y)T a c (x,y)u' a (y)X' a (y) 

= J a {y)x la {y) 

4. Remarks on the transport operator 

We now show that the derivative of the transport operator defines a connection and that conversely 
a connection defines a transport operator (in a normal neighbourhood). We first consider rules for 
differentiating Y. We may write 

F>V b 

" a -(x,y)^ 1 d ca (x)T b d (x,y) 



using the fact that 



we also have 



dx c 

T a b (x,y)T b c (y,x)=8 a c 
T\(x,y)T b c (x,y) = 5 a b 

f)T b 

" a -(x,y) = - 1 b d (yWa d (x,y) 



dy c 

"(^,y) = -7cd(^)r d 6 ^,y) 



dx c 

1 (x,y)= 1 d cb (y)T d a (x,y) 



Oy 
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Proposition 4. 7^ transforms as a connection 
Proof. The connector r a 6 transforms as 

SO 

dY a b _ d 2 x e dy' b T d dx e dx* dy' b dY e d 
dx' c dx' a dx' c dy d e dx' a dx' c dy d dxf 

this implies that 

, d r , b = dV dy' b d dx^dy* d 
7 ca d dx' a dx' c dy d e dx' c dy d lfe 9 

and hence 

, e d^<v* d = d 2 xs d y ,b d dxi d y ' b 

lca dx' e dy d 9 dx' a dx' c dy d 9 dx' c dy d 7/e 9 
on multiplying this expression throughout by 

dy p dx' r rq 
dy' b dxi p 

one obtains the standard connection transformation law 

/a dx' a dx e dx? d dx' a d 2 x d 
1 bc ~ 'dx T 'dx 7b dx 7 ^ lef + dx' d dx' b dx' c 



If 7 is a connection then one can always choose a neighbourhood U x of any point such that the 

normal coordinates at x are well defined. Moreover one can choose U x to be simply convex; that is that 
U x is also a normal neighbourhood for any point y € U x . In a simply convex neighbourhood one can 
define T a i,(x, y) by parallel propagation with respect to 7 along the unique geodesic connecting x and y, 
so in geodesic coordinates T a b(x, y) = 6% 

In general if we allow any connection 7, the sets in the atlas will not be normal neighbourhoods. 
However since has compact support, the integration will be confined to a normal neighbourhood for 
sufficiently small e. Since we are only interested in results for sufficiently small e we could also work with 
7 in place of V. However once we consider tensor fields on manifolds, rather than open sets fl, it is much 
less restrictive to work with a connection 7 rather than a global connector T. Even when working with 
subsets ft of R™ it is preferable to work with connections on M™ rather than connectors on fi, since the set 
of algebras then has the structure of a (fine) sheaf. If one does this, then one defines the embedding by 
(14), where T is defined by parallel transport along geodesies in a normal neighbourhood and arbitrarily 
elsewhere. Since one is in a normal neighbourhood for sufficiently small epsilon, the embedding into the 
algebra will be well defined. 

5. General tensors 

Having defined procedures for smoothing covectors and vectors in such a way that fl* o J = 1 o /j,* , it is 
now clear how to go about extending this smoothing operation to more general tensors; Suppose T is a 
tensor field of type (p, q) whose components in the two coordinate systems and x' G 0' are related 

b y T ' a c :: b d = ^* T c.::d where 

/'"/":'::>' = €A*) ■ ■ ■ ^(*K(*) • • • ti{x)T ,e g ;;fo{x)) 

then we may define a smooth tensor field by 

'/:::>!-• !•••<•; = / T E g: i(x + e^ x £)a --\..Ae...^- h {£,)^ 

* x £)a - b c ... d e... g 9 - h (0 - r\(x + sO . . . T b f (x + eOT c 9 (x + sO . . . T d h (x + e0^ x £) (0 
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and a map jl* by 



prt'i: r, x) = r£{x) . . . Vf( x )^( x ) ■ ■ ■ ^( x )T' e g :: f h (^, A*r, M (*)) 



which will satisfy 



T~a...b ~*rpta...b 
c.d — P 1 c.d 



(17) 



(18) 



We are now in a position to formally define our generalised tensor fields on ft. The kernel space *4o(R") 
is defined as in Definition 2 and /C(R n ) is the space of smooth connections on M™. We first define the 
base algebra £^(0) 

Definition 10. Let be the set of all maps 

T:A x!Cxn-> m p+q 

(*,7,a0~f£j($, 7)a; ) 



such that x ^ T£;J($, 7 , a;) is C°°. 

As in the case of scalar fields we require some smooth dependence upon the smoothing kernel and 
connection to ensure smooth dependence in i. As usual we restrict to those of moderate growth 

Definition 11. £* M (fi) is the space of tensors f G such that MK CC ft, Va G N™, 3N G N such 

that V$i e) G iw(M n ), V 7 G K, 



sup 



D a T(^ e , 7) a;) = 0{e~ N ) (as £ -> 0) 



We define an ideal of negligible (null) functions 

Definition 12. Af p q (n) is the space of tensors f G ££ M (fi) such that Vif CC 0, Va G N n , 3N G N, 
](ieS such that V$i £) G A k (K n ) (fc ^ AT), V 7 G /C, 



sup 



where 



D Q T($ x , £ ,7,z) = 0(e CT «) (ase^O) 

S 1 = { cr : N -> R+ | (T(fc + 1) > cr(fc), <r(fc) -» oo } 



We then define our generalised function space as a quotient 
Definition 13. 



em) 



JV?(fi) 



One may now define generalised tensor fields on manifolds as a collection of generalised tensor fields 
on ip a (V a ) which transform in the appropriate way under (^ 1 )*(^ a )* using (17). Because of (18) wc 
also have a well defined embedding of T>p(M) into QP(M). 

Throughout the paper we have been using distributions that may be defined as locally integrable 
functions. It is possible to extend our results to cover the smoothing of more general tensors. We first 
recall how distribution theory is formulated in a coordinate invariant manner; Suppose : O — > £7' is 
a C°° diffeomorphism, then we may define 2?|(0) to be the space of C°° multi- index functions with 
compact support which transform as type (q,p) densities with weight +1 under 

£.*SJ(mO«0) = jj^lgW ■ ..vi(x)^(x)^(x)^ a ;; d b (x) 
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We simply define type (p, q) tensor distributions as elements of the dual space T>' P (Q) which then admit 
a transformation law fi* : t>'P(Cl') -> of the form 

This immediately becomes evident in case of T being a locally integrable tensor field, for the integral 

<r,*> = J T a c:: ; b d (x)* c a ;; d b (x)dx 

is coordinate invariant. 
We now define 

t : V'{Q) -» £ M (fi) 
t(T) = T 

where 

n:::S(*.7,a:) = <r,s I »-;:5rx*x, e > 

r x (y) =x-y 

It should be noted that the test function £ x ";;^T x 4> a:j£ behaves as a type (p, q) tensor with respect to 
x and that the translated object r x $ XiE will transform as 

Proposition 5. IfTG V'p{Q') then fi*f' = ~pf> . 
Proof. 

i>*f' a c ;;; b d ($,~t,x) = T'«;J(A*$,m*7,mW) 

= t e {x) . . . r,)[x)^ c {x) . . . n h d (x) ( M *T', S x e g ;ir x 9 x , e ) 
= V a e (x) . . . V b f (x)rf(x) • • • d(x)pf> e g ;; f h ($, 7 , z) 

This result enables us to define an embedding of V v q {M) into Qp(M). 

Since elements of the generalised function space Gq(Q) are represented by smooth functions, we may 
define tensor operations on these generalised functions in the usual way. In particular we are able to 
define the following; 

1. Tensor products; Suppose [S'] £ Gq(&') and [X"] £ G r s {£l') are type (p, q) and type (r, s) tensors 
respectively then we may define [S' <g> f'] e GqXli^ 1 ') b y 

(5' ® 7 ; ')":::^:::{( < i>'- V, = 7', 7', 

the resulting object [<S" <g> T"] will transform as a type (p + r, q + s) tensor in that 

2. Contractions; Suppose T" e GqXii^') is a tyP e (P> l) tensor then we may define S' E Gq(Q') by 

5-;;i($', 7 ',^) = T'c::ie( < i> , ,7'^') 
[S'} will transform as a type (p, q) tensor because 

~* nfa---b ~*rfi/a...be 

M ^ c.d — M 1 c.be 
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3. Differentiation; Suppose that [f"] £ G p q {Sl') then we may define [df 1 ] £ G p q+1 {Sl') by 

f)rpla...b 

In general [9'T'] will not transform as a tensor for we do not necessarily have 

jl*(d'f') = d'(il*f') 

However, if we are able to define a connection [T"^ c ] £ G^i^') that transforms as 

m c (<P r/ ,x) = ^(x)f,t(x)4(x)t' d ef (il^,^,^x)) +r ] a d {x) l 4 tC {x) 

then we are able to define a covariant derivative [V'T"] £ G q+ \(Q') by 
a 

T~7rpfa...b u rpla...b , fva rpff...b , , T^/b rpfa...f fV/ rp/a...b fv/ rpfa...b 

VJ c.de — ~Q^7l L c...d+ L ef 1 c...d hi ef 1 c...d ~ L ec 1 f...d 1 ed 1 c...f 

which will satisfy 

fi*{V'f') = V'(A*T') 

4. Lie derivatives. For [X'] £ and [f"] £ G p q {&), the Lie derivative [£^,T] £ ^Pfi may be defined 
as 

pi rpla...b \ r ferpfa...b \^fa rp/f...b -^fb rpa...f , ^ffrji/a...b , , v-lf rp/a...b 

'-X' 1 c...d - A J c.de _ A ,/ J c ...d A ,/ J c...d + A ,c J /...d H r A d J c j 

which will satisfy 

H C X ,T = Cjx*x'\V T ) 

The linear tensor operations such as addition, symmetrisation and antisymmetrisation of indices also 
extend to our generalised function valued tensors in a natural way. 

6. Differentiation 

A C°° tensor field T may be embedded in to G q (ty in two ways; 

1. By smoothing; T^f 

2. By defining an element of £ p q M {Q) which is independent of <f> and 7; #($,7,2:) = T(x) 

By defining G q {Q) as a quotient group we are able to guarantee that S and T represent the same 
generalised function. Here we shall verify that this is also the case for derivatives in that if T £ C P '°°(Q) 
then it is the case that T a c — h d e and d e represent the same generalised function. 
We begin with scalars; suppose / £ C°°(f2) then we have, 

where <f>ib\ a is the partial derivative of the operator with respect to x a . 
We now expand the difference / )Q — / )Q as a Taylor series (for some 9 £ [0, 1]); 



la-.f,a= £ ^Dyix) f C^AOdt 

M=o |a| - J 

fe+l r 
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The first term on the right-hand side may be simplified by differentiating the moment conditions (3) 
and (4). 

A (19) 
J C^\A0^ = O(e k ), 1 < |a| < g 

which shows that it is 0(e k ), where as the second term is clearly 0(e k+1 ). This shows that / i(J — / i(J e 
Af(fl), so that / i(J and / i(J represent the same generalised function. 

If / had only a finite level of differentiability then f, a and / i(J would represent different generalised 
functions. (The difference would be 0(e m+1 ) for / g C m , which would then make /' a and /, a equivalent 
at the level of association). This highlights an important difference from Colombeau's original theory in 
which differentiation of distributions manifestly commutes with smoothing. This is a price we have to 
pay for introducing smoothing kernels that are dependent on x. 

The next step is to extend this to multi-index tensors; an added complication being that the transport 
operator T will depend on x, so differentiating it will introduce extra terms. 

We shall use the notation T| e to denote covariant differentiation with respect to the connection ^y bc 
Without loss of generality we shall consider the differentiation of vectors (the differentiation of covectors 
and more general tensors is achieved by adding the relevant terms), so for vectors we have 



x a lb = xi + ri c x c 



Lemma 6. 



Proof. 



[X a ]b ^, 7 ,x)} = 



J X c ]b (x + eOr a c (x, x + e^A (0 d£ 



X\ b {^, 1 ,x) = J X c , b (x + eOr a c(x,x + £0® { x E) (OdZ 

+ J X c (x + eO{-l a bd (x)r d c (x,x + eO 

+ 1 d bc (x + eOT a d (x,x + sO)^ ) (Od( 
+ J X c (x + eOT a c (x,x + eO$>i £) AOd(i 

= J X c \ b (x + zOr a c(x,x + eO<Z> { x e) (Od£ 

- 7 a bd (x) J X%x + eOr d c (x,x + s^ x e) (0^ 

+ J X c (x + eOr a c (x, x + eO&AAO d£ 

By Taylor expanding and using the moment conditions (19) it may be shown that for $ e Ak(Q), 



I 



X c (x + e£)r a c(x, x + e£)$(f) AO = 0{e k ) 



therefore 



[x a A^,i,x)] 



J X c lb (x + e^T a c (x,x + e^i £) (0^ 



Proposition 7. Let X a and Y a be smooth vector fields then covariant differentiation of X a with respect 
to 7^ in the Y a direction commutes with the embedding in the sense that; 



Y>>X" lb = Y b X a lb . 
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Proof. This follows from the above lemma together with the fact that we may identify Y a and Y a for a 
smooth vector field. 

Suppose Tg c is another connection, then covariant differentiation with respect to it may be expressed 

as 

;b = A ,6+1 fe c A 

this may also be expressed as 

;b = X |6 + 1 bc X 

where T^ c = T^ c — 7£ c . The symbol T^ c will transform as a type (1, 2) tensor because it is the difference 
of two connections. 

If X a , Y a and T% c are all smooth then Y b X a \ b and f% c X c Y b commute with the embedding. This 
implies that the covariant derivative Y b X a -b also commutes with the embedding. 

We may define a torsion free connection by taking the symmetric part of the background connection 

x^a x^a a -x^c 

X ;b - X | 6 - 7[ bc ]A 

= x a , b +r bc x c 

For smooth tensor fields covariant differentiation with respect to the torsion-free connection 7^ will 
commute with the embedding. Rather than using the partial derivative to construct invariant objects, 
we shall use the covariant derivative of the background torsion free connection: a. 

The Lie bracket [A", Y) of two vectors X and Y is independent of a torsion free connection so one may 
write 

[X, Y] a = X b Y a :b - Y b X a :a 
since the covariant derivative : a commutes with the embedding we have 

[,(X),,(Y)]=,([X,Y]) 

As a second example we consider a smooth metric g a b and the Levi-Civita connection 

Tfcc = \9 ad {9bd,c + 9cd,b — 9cd,b) 



Using 

implies that 

therefore we may write 

where 



9ab:c — 9ab,c 7 ac9bd lbc9ad 



r bc = lie + \9 ad {9bd:c + 9cd:b ~ 9bc:d) 



Xa ya i pa x^c 

:b — A : b + 1 0C A 



ifec = \9ad{9bd:c + 9cd:b — 9bc:d) 



Thus for a smooth metric the covariant derivative with respect to the Levi-Civita connection commutes 
with the embedding. 

7. Association 

The relation of association or weak equivalence for generalised functions is much the same as the 
normal definition; 

Definition 14. We say that [f ] <= C?£(fi) is associated to zero (written as [f] w 0) if V* e £>*(ft), 3k > 
such that 

lim J '/•;::>!•,, . 7, aO*S::.6(*) <** - o v$(f> e i (R"), 7 e /c. 

Two generalised functions [S 1 ] and [T] are associated to each other if S — T w 
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Definition 15. We say that [T] G is associated to the distribution S G T>'p(Q) (written as [T] w S 1 ) 

if V* G £>(fi), 3fc> such that 

lim J f a b ;;; b d (* x , e , 7, (*) <** = (S, *> V$i £ ) g A (R) , 7 e AC 

We finally verify that this assignment of a distributional interpretation to a generalised function also 
commutes with fi 

Proposition 8. [f] w S' implies \fi*f'} w M *S" 
Proof. Letting * G 

lim I /i*f , --;;S($ e ,7,a;)*a.-.-.6^ 

= lim J Mx) . . . $(xW c {x) . . . V %(e)f'l:i(fi^ £ , ^7, J(aO 

= limy P7;{(^<f>e,M*7^')^*aJ(^)^' 
= (S',^*> 



8. Conclusion 

We now have a covariant theory of generalised functions in which we are able to define tensors whose 
transformation laws coincide with those of distributions, both in the senses of convolution embedding 
and association. 

This will mean that we may carry out calculations in General Relativity that involve the evaluation 
of products of distributions, such as the evaluation of the distributional curvature at the vertex of a cone 
with a deficit angle 2ir(l — A) by Clarke et al. (1996) in a coordinate independent way. One would need to 
first choose a convenient coordinate system, then embed the metric into the space (^(R 2 ), which would 
transform as a type (0, 2) tensor using the definitions in this paper, calculate the distributional curvature 
[P^/ff] as a generalised function, which will transform as a scalar density of weight +1 and show that it 
is associated to the distribution A-n(\ — A)5^ obtained in that paper. 
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